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A study devoted to the dynamic response of sandwich panels to underwater and in-air
explosions is presented. The study is carried out in the context of a geometrically
nonlinear model of sandwich structures featuring anisotropic laminated face sheets
and a transversely compressible orthotropic core. The unsteady pressure generated
by the explosion and acting on the face of the sandwich panel includes the effect of
the pressure wave transmission through the core. Its implications on the structural
time-histories as corresponding to the underwater and in-air explosions are put into
evidence. The effects of the transverse core compressibility on dynamic response are
highlighted. In this sense, one of its major implications is the possibility to capture
interactively the global and local (wrinkling) dynamic response of the panel. It is
shown that implementation of the structural tailoring technique in the face sheets can
constitute an important mechanism for enhancing the dynamic load-carrying capacity
of sandwich panels when exposed to blast pulses. Effects of the core, the composite
architecture of face sheets, orthotropy of the material of the core, geometrical non-
linearities, initial geometric imperfection, and the damping ratio are investigated, and
their implications for the dynamic response are highlighted. The comprehensive
structural model considered in conjunction with the time-dependent loads generated
by the underwater and in-air explosions, and the results obtained in this context, are
expected to contribute to a better understanding of the response behavior and to be
instrumental toward a better design of these structures.

1. Introduction

SANDWICH CONSTRUCTION has emerged as a most promising type
of structure for Navy applications. Its many advantages, including

improved fatigue performance, superior energy absorption that
yields an increased resistance to impact, reduced susceptibility to
corrosion, superior thermal and acoustic insulation, have gener-
ated an increased interest in the extensive incorporation of sand-
wich composites in the construction of naval structures.

This trend was outlined in the extensive review paper by
Mouritz et al. (2001), as well as in the works of the recent inter-
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national conferences on sandwich constructions (see the proceed-
ings edited by Vinson et al. 2003 and Thomsen et al. 2005), where
some of the achievements in this area have been presented and the
potential benefits of the incorporation of sandwich composites in
the construction of a variety of naval vessels, including the mili-
tary ones, have been discussed.

In modern warfare, ships can be exposed to blasts generated by
underwater and in-air explosions that can inflict significant dam-
age to their structure. The same is valid when these are exposed
during their missions to sonic boom and shock waves.

The possibility of predicting the response of sandwich structural
systems to such explosive pulses, without recourse to direct ex-
periments, is of fundamental interest.

Having in view that the structure should withstand the rigors of
the blast environment, in order to achieve a reliable design, ad-
vanced analytical models of sandwich structures and proper ex-
pressions for the blast pulses, generated either by underwater ex-
plosions (UNDEX) or in-air explosions (INEX), are needed.

The same is valid for the pressure pulses induced by the sonic
boom and shock waves.

In contrast to the case of the homogeneous or standard lami-
nated composite structures, where the effects of transverse normal
compressibility can be ignored, for sandwich type constructions
this effect can be essential. Indeed, as was shown quite recently
(see Hohe and Librescu 2003, 2004a, 2004b), by including the
effect of the core compressibility in the modeling of sandwich
structures, one can capture both the global and the local (wrin-
kling) dynamic responses. Moreover, as was shown in previous
studies (see, e.g., Frostig et al. 1992) the global and local re-
sponses are not independent phenomena, but interdependent ones.

The problems of the global and wrinkling response in the con-
text of the dynamic response of flat sandwich panels to UNDEX
and INEX are analyzed in this work.

It should be stressed that in a previous paper (Librescu et al.
2004) the dynamic response problem to UNDEX and INEX was
addressed in the context of a less refined structural model (see
Librescu et al. 1997b), in the sense of discarding core compress-
ibility in the transverse normal direction, and as a result the pos-
sibility of capturing the global and wrinkling dynamic responses
was precluded.

In the context of the incorporation of sandwich structures in
naval ship constructions and toward their better design, as one of
the necessary requirements, a good understanding of the effects of
blasts generated by the underwater and in-air explosions and of
structural features of sandwich panels on their dynamic response
should be reached.

A complexity associated with this issue arises from the fact that
the determination of the pressure time-history induced by under-
water explosion acting on a sandwich panel involves a more com-
plex analysis than in the case of their monolithic or laminated
panel counterparts.

The issue of the dynamic response of sandwich flat panels to
time-dependent loads generated by underwater (see Fig. 1) and
in-air explosions will be considered in the next developments. In
the former case, one supposes that we deal with a submerged
panel, whereas in the latter one, with a topside sandwich panel of
ship superstructures. In this context, in order to put into evidence
the implications of various nonclassical effects, such as those of
geometrical nonlinearities, initial geometric imperfections, anisot-
ropy of face sheets and their ply sequence, transverse shear or-

thotropy properties of the core layer, and so forth, an advanced
model of sandwich constructions will be used. For the more gen-
eral case of shells, their basic equations have been derived in a
number of previous papers (Hohe & Librescu 2003, 2004a, 2004b,
Hohe et al. 2006).

However, in order to be self-contained, the basic equations
specialized for the case of flat panels that are needed in the treat-
ment and understanding of the subject of this paper are supplied
without derivation in Appendix A. Their full derivation was ad-
dressed in the previously mentioned papers by Hohe and Librescu.

To the best of the authors’ knowledge, with the exception of the
works by Hayman (1995), Mäkinen (1999), and Librescu et al.
(2004), where special issues on the dynamic response of sandwich
panels to underwater explosions have been explored, and of that
by Xue and Hutchinson (2003), no other studies on this topic are
available in the specialized literature.

2. The structural model: basic assumptions

The global mid-plane of the sandwich flat structure is selected
to coincide with that of the core layer. Its points are referred to a
curvilinear and orthogonal coordinate system xa (� � 1, 2). The
through-the-thickness coordinate x3 is considered positive when
measured in the direction of the downward normal (see Fig. 2).
For the sake of convenience, the quantities affiliated with the core
layer are identified by the superscript c, while those associated
with the face sheets are identified by superscript f.

Fig. 1 Sandwich panel subjected to underwater explosion (Reprinted
from Librescu, L., Oh, S.-Y., Hohe, J., 2005, Dynamic response of aniso-
tropic sandwich panels to underwater and in-air explosions, in Thomsen,
O. T., Bozhevolnaya, E., Lyckegaard, A., editors, Sandwich Structures 7:
Advancing with Sandwich Structures and Materials, Proceedings of the 7th
International Conference on Sandwich Structures, Springer-Verlag, Dor-
drecht, with kind permission of Springer Science and Business Media.)

Fig. 2 Geometry of sandwich flat panels with laminated face sheets
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The sandwich structural model considered in this paper is based
on the following assumptions: (1) the face sheets are composed of
a number of orthotropic material laminae, the axes of orthotropy
of the individual plies being rotated with respect to the geometrical
axes xa, of the structure, (2) the material of the core features
transverse orthotropic properties, the axes of orthotropy being par-
allel to the geometrical axes xa, (3) the core layer is capable of
carrying transverse shear stresses only, and as a result we deal
with a weak core. Moreover, one assumes that it is extensible in
the transverse normal direction, a feature that will enable the cap-
ture of both the global and local (wrinkling) responses, (4) a
perfect bonding between the face sheets and the core and between
the constituent laminae of the face sheets is assumed to exist, (5)
the layers constituting the faces are assumed to be thin; as a result,
transverse shear effects are neglected in the face sheets, (6) the
structure as a whole, as well as both the top and bottom laminated
face sheets, are assumed to exhibit mechanical and geometrical
symmetry properties with respect to both the mid-plane of the core
layer and about their own mid-planes, as well, and finally, (7) a
Lagrangian description of the nonlinear model of sandwich struc-
tures is adopted in conjunction with the implementation of the
von-Kármán nonlinear kinematic model and of initial geometric
imperfections. This feature will enable one to determine the non-
linear dynamic response of the panel.

3. Kinematics

Based on the previously stated assumptions, the basic kinematic
relationships derived by Hohe and Librescu (2003, 2004a, 2004b)
are supplied next.

The three-dimensional displacement field is represented in
terms of two-dimensional displacement measures, in the top and
bottom face sheets.
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In these equations, the Greek indices have the range 1, 2, while the
Latin indices have the range 1, 2, 3, and unless otherwise stated,
Einstein’s summation convention over the repeated indices is em-
ployed. In addition, (�)i denotes partial differentiation with respect
to coordinate xi; superscripts t and b indicate the affiliation of the
respective quantities to be top and bottom face sheets, respec-
tively; and tc and t f denote the thickness of the core and of face
sheets, respectively. Moreover, in the previously displayed equa-
tions, there were involved the two-dimensional tangential modi-
fied displacement measures represented by the two-dimensional
average in-plane displacements and half difference of in-plane
displacements, respectively, defined as
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where ut
i and ub

i denote the displacements of the points of the
mid-planes of the top and bottom face sheets, respectively.

For the core displacement field, a second-order power series
expansion of the three-dimensional displacement field is consid-
ered:
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where the displacement functions �c
� describe the warping of the

core. It should be remarked that displacement representations (1)
through (7) fulfill identically the kinematic continuity conditions
between the face sheets and the core.

The strains of the three constituent structural entities, that is, of
bottom and top face sheets and of the core layer, are obtainable
from the Lagrangian strain–displacement relations used in con-
junction with the von Kármán assumption, namely,

2�ij = vi,j + vj,i + v3,iv3, j + v̊3,i v3,j + v3,iv̊3,j, (8)

where v̊3 is the stress-free initial geometric imperfection.
In expanded form, the components of the Green-Lagrange strain

tensor are given by:
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Consistent with the displacement representations, equations (1) to
(7), the associated equations of motion and boundary conditions
are derived from Hamilton’s principle. While these equations are
supplied in Appendix A, full details regarding their deduction can
be found in the previously indicated papers by Hohe and Librescu
(2003, 2004a, 2004b) and Hohe et al. (2006).

4. Blast loads induced by underwater and
in-air explosions

Due to the presence of the core layer, the transmission of pres-
sure waves through the sandwich panel renders the problem of
determination of the resultant unsteady pressure more intricate
than in the case of the monolithic/laminated panel counterparts. In
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the latter case, the theory on which the determination of the pres-
sure time-history on the front face of the panel is based follows the
line established by Kirkwood-Bethe-Cole. In the former case, the
ideas developed specifically for the case of sandwich panels by
Hayman (1995), and used subsequently by Mäkinen (1999), will
be adopted here.

As will be seen later, the pressure time-histories based on the
previously mentioned structural models feature significant quan-
titative and qualitative differences that affect the dynamic re-
sponse of the panel in question. Basically, the unsteady pressure
model by Hayman (1995) represents an extension for the case of
sandwich panels, of that devised for a homogeneous structure by
Cole (1948), in the sense of the inclusion also of the pressure
transmitted through the core, reflected at the rear face of the sand-
wich panel and then transmitted out into the water.

Having in view the large blast wave front generated by the
explosion, and some conclusions based on the experimental evi-
dence (see, e.g., Houlston et al. 1985), we will adopt the assump-
tion that the resulting pressure over the plate is uniformly distrib-
uted.

As a result, the total pressure in front of the sandwich panel can
be represented in the following form:

P�t� = Pi�t� + Pr1�t� + Pr2�t�, (15)

where Pi (t) stands for the free-field pressure due to the incident
shock wave; Pr1 (t) denotes the pressure reflected in the front face,
while Pr2 (t) is the pressure transmitted into the core, reflected at
the rear face and transmitted out into the water.

Their expressions are, respectively, as follows:

Pi�t� = qme−�t−t1���, t � t1 (16)

where qm denotes the peak magnitude of the pressure in the shock
front; t − t1 is the time elapsed after the arrival of the shock wave
at the panel front surface, where t1 � R/c, c denoting the speed of
sound in the sea water, while R is the stand-off distance; � is a
constant that describes the exponential decay.

For any type of explosive, qm and � are expressed in generic
form in terms of the Q (≡ explosive weight [kg]) and R (≡ the
stand-off distance [m]), as:

qm = K1�Q
1�3�R�A1, �MPa�

� = K2Q1�3�Q1�3�R�A2. �msec�
(17a,b)

As a result, for any specific explosive, constants K1 and K2 and A1

and A2 have to be specified correspondingly (see Shin & Geers
1994, Mäkinen 1999). The remaining terms in equation (15) are
expressed as
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+ E4e−��t−tc�cc�. (19)

The expressions of the constants appearing in equation (18) are
provided next:
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f, (20)

where � and c are the mass density and speed of sound in the
water, respectively, while mf is the mass of the front face sheet per
unit area, cc(≡√Ec/�c) denotes the speed of sound in the core,

where Ec and �c are the Young’s modulus and mass density of the
core material. In addition,
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The above equations that define the expression of the unsteady
pressure are applicable to both underwater and in-air explosions.
However, in the former case the speed velocity and mass density
of the sea water at 20 deg C are c � 1,476 m/sec, � � 1,009
kg/m3, while for the in-air explosion c � 330 m/sec and � � 1.20
kg/m3.

As will be revealed later, this brings in the two investigated
cases of underwater and in-air explosions, both qualitative and
quantitative considerable differences on the pressure and structural
dynamic response.

The supplied pressure expression is not applicable in the case of
contact explosion, that is, when the target is located in the imme-
diate proximity of the explosive charge.

In the simulations related to the dynamic response to INEX, we
are also considering the cases of the sandwich panel impacted by
a sonic boom and an explosive blast. In a compact form, their
time-history pressure expressions are (see Marzocca et al. 2001):

P�t� = qm�1 − t�tp��H�t� − 	bH�t − rtp��. (22)

In (22), H(t) denotes the Heaviside step function; 	b is a tracer that
takes the values 1 or 0 depending on whether the sonic boom or
the triangular blast is considered, respectively; tp denotes the posi-
tive phase duration of the pulse measured from the time of impact
of the structure; r denotes the shock pulse length factor, while qm

is the pressure in excess of the ambient one. For r � 1, the sonic
boom reduces to a triangular explosive pulse, while for r � 2 it
corresponds to a symmetric sonic boom pulse.

In connection with the expressions provided by equation (22),
note that (1) the pressure corresponding to the explosive blast (i.e.,
for 	b � 0) constitutes a special case of the Friedlander exponen-
tial decay blast equation obtained in the context of modeling of
shock waves in a compressible gas, and of that obtainable from the
previously supplied equations, while (2) the sonic boom pressure
signature obtained for 	b � 1 that corresponds to an N-wave
shock pulse impacting the structure at a normal incidence was
obtained by considering the shock wave in a supersonic gas flow.
For a review of its analytical approach, the reader is referred to
Gottlieb and Ritzel (1988).

Within the INEX problem, we will consider also the case of the
tangential blast to the panel surface in the direction of the coor-
dinate x1 in the form of a traveling wave:

P�t� = qmH�ct − x1� exp �−
�ct − x1��, (23)

where c is the wave speed in the medium surrounding the struc-
ture, while 
 is an exponent characterizing the blast decay. As
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shown by Vol’mir (1976), this expression provides excellent
agreements of the response time-histories with those obtained by
experimental means.

5. Results

Selected results on the dynamic response of square l1 � l2 ≡ L
sandwich panels of the total thickness tc + t f = H to UNDEX and
INDEX are presented next. The numerical results presented here
have considered the case of face sheets laminated from the same
orthotropic material, whose axes of orthotropy are rotated with
respect to the geometrical axes of the panel by an angle �. For the
face sheets, a material characterized by a rather large in-plane
orthotropicity ratio was considered. Its properties, as well as those
of the core layer, are given in Table 1.

In all numerical simulations, the geometrically nonlinear struc-
tural model was used, and unless otherwise stated, the stacking
sequence of face sheets is as follows: [0/90 deg/0/90 deg/0/core/
0/90 deg/0/90 deg/0].

The sandwich rectangular panel is assumed to be simply sup-
ported all over the contour, the edges being unloaded and immov-

Table 1 Elastic coefficients for the materials of face sheets and
core layers

Face sheets
E1 (GPa) 207
E2 (GPa) 5.17
G12 (GPa) 2.55
v12 0.25
�f (kg/m3) 1,588.22

Core layer
G13 (GPa) 0.1027
G23 (GPa) 0.0621
�c (kg/m3) 16

Fig. 3 (a) Dimensionless pressure time-history, P(t)/qm, for various distances from panel front surface in UNDEX. Effect of the pressure trans-
mission through the core included. (Q = 30 Kg, R =10 m, �f /�c = 5, t c/t f = 20, L/H = 15. (b) Influence of the thickness ratio tc /tf on dimensionless
pressure time-history, P(t )/qm, in UNDEX on the front face of the panel. Effect of pressure transmission through the core included. The remaining
data are as in panel a. (c) The counterpart of panel a when the compressibility of the core is discarded. (d) Influence of the thickness ratio on
dimensionless pressure time-history, P(t )/qm, in UNDEX. Effect of pressure transmission through the core is discarded (Q = 30 Kg, R = 10 m,
x3 = 0, �f = 15.28 Kg/m3. (e) Dimensionless pressure time-histories, P(t )/qm, at the panel surface in INEX (Q = 30 Kg, R = 10 m, �f /�c = 5, t c/t f =
20). (Reprinted from Librescu, L., Oh, S.-Y., Hohe, J., 2005, Dynamic response of anisotropic sandwich panels to underwater and in-air explosions, in
Thomsen, O. T., Bozhevolnaya, E., Lyckegaard, A., editors, Sandwich Structures 7: Advancing with Sandwich Structures and Materials, Proceedings of
the 7th International Conference on Sandwich Structures, Springer-Verlag, Dordrecht, with kind permission of Springer Science and Business Media.)
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able in the tangential direction, normal to the panel edge. In this
case, compressive edge forces induced by the edge immovability
will be generated.

The equations displayed in the Appendix reveal a full coupling
between the global and local (wrinkling) motions. The number of
eight boundary conditions prescribed at each edge indicates that
the order of the governing equation system should be sixteen.

From the mathematical point of view the problem at hand,
namely, that of the dynamic response, reduces to the solution of a
dynamic nonlinear boundary value problem.

Due to the intricacy of the present boundary value problem, an
approximate solution methodology based on the extended
Galerkin method (EGM) coupled with the satisfaction of the tan-
gential boundary conditions on an average sense was used. This
methodology was presented in detail in the papers by Hause et al.
(1998) and Librescu et al. (2000), in a more general context in
Librescu et al. (1997) and Librescu and Song (2005), and will not
be repeated here.

It should be stressed that the predictions provided by the appli-
cation of the EGM are of an extreme accuracy, these being iden-
tical in many instances to the exact ones. In this sense, the reader
is referred to Song et al. (1998) where, in the context of a linear-
ized boundary-value problem, a perfect agreement of predictions
on dynamic response obtained via EGM and the Laplace transform
method was reported.

The results supplied in Fig. 3, a and b, correspond to the pres-
sure time-history induced by an UNDEX at various distances from
the front face of a sandwich panel. In both figures the effects of the
transmission of pressure waves through the core have been included.

In contrast, in Fig. 3, c and d, the counterparts of Fig. 3, a and
b, for the case of the discard of the core compressibility effects are
presented.

From these figures, qualitative and quantitative differences are
emerging. First of all, one can observe that in the case of the
inclusion of the core effects, the time at which the cavitation
occurs (i.e., the time corresponding to the instant when the result-
ant pressure becomes a zero-valued quantity) is much larger than
that corresponding to the discard of core effects. In addition, in the
former case, almost two simultaneous cavitation events occur, one
on the front face of the sandwich panel and the second one at a
small distance in front of it. In the latter case, a single cavitation
takes place. These results are in excellent agreement with those
reported by Hayman (1995) and Mäkinen (1999).

It is also interesting to see the pressure time-history due to an
INEX when the core effects are included or discarded.

In this sense, Fig. 3e reveals, on the one hand, that the in-air
explosion is much more severe than in the water, and on the other
hand, that the transmission of the pressure wave through the core
and its reflection on the rear face bring, in this case, no changes as
compared to the case of the discard of this effect.

In Fig. 4a the global deflection time-history of the sandwich panel
as influenced by the structural damping and by incorporation/
discard of the face wrinkling is depicted. It clearly appears that the
effect of the wrinkling on the global response is immaterial.

In Fig. 4b, the dimensionless wrinkling displacement time-history
for the case of two values of the damping parameter is presented.

The results reveal that the face wrinkling, the occurrence of
which should be contained at any price, is very sensitive to the
structural damping, in the sense that even for � (�C/2m0
1) �
0.02, the face wrinkling oscillation will damp out after a very short

time. In the expression of the damping parameters, 
1 is the un-
damped fundamental natural frequency of the structure.

In Fig. 5a, results emerging from the implementation of the
tailoring technique in the face sheets on the global deflection
time-history are presented. The results reveal that a notable reduc-
tion of the oscillation amplitude is obtained by a proper selection
of the ply angle in the face sheets.

However, as revealed in Fig. 5b, for the wrinkling deflection
time-history, implementation of the tailoring technique appears to
be less efficient than in the case of the global response.

As concerns the effect of the increase of the transverse Young’s
modulus in the core layer on the global and wrinkling response,
Fig. 6, a and b, reveals that the increase is strongly beneficial in
the case of the wrinkling displacement, and it appears to be rather
weak in the case of the global response.

Fig. 7, a and b, shows the effects of the stand-off and weight
charge, respectively, on the velocity and acceleration time-history
of the center of the panel subjected to an underwater explosion.
The values of the velocity response in UNDEX as presented here
are in agreement with those reported by Jiang and Olsen (1994).

The considerable increase of the severity of the in-air explosion
(these results are not supplied here) as compared to that in the
underwater explosion should be noticed.

The dynamic response, global and local (wrinkling), to a sonic
boom pulse and, in this sense, the effects of the pulse increase
measured in terms of the parameter r are presented in Fig. 8, a and
b, respectively.

The results reveal that the asymmetric (r � 1.2) sonic boom is

Fig. 4 (a) The global dimensionless transverse deflection time-history
(Q = 30 Kg, R = 10 m, ẘa

mn = 0.1 H, ẘd
pq = 0.01 H). (b) Dimensionless

face wrinkling deflection time-history of the panel subjected to UNDEX
(Q = 30 Kg, R = 10 m, ẘa

mn = 0.1 H, ẘd
pq = 0.01 H). (Reprinted from

Librescu, L., Oh, S.-Y., Hohe, J., 2005, Dynamic response of anisotropic
sandwich panels to underwater and in-air explosions, in Thomsen,
O. T., Bozhevolnaya, E., Lyckegaard, A., editors, Sandwich Structures 7:
Advancing with Sandwich Structures and Materials, Proceedings of the 7th
International Conference on Sandwich Structures, Springer-Verlag, Dor-
drecht, with kind permission of Springer Science and Business Media.)

88 JOURNAL OF SHIP RESEARCH



more severe than the symmetric (r � 1) one. As a special case, the
results reveal that the effects of the sonic boom are more severe
than those due to a triangular blast.

In Fig. 9, a and b, the effects of face sheet ply angle on both the
global and wrinkling response to a sonic boom are presented,
respectively. In this case, the following architecture of the sand-
wich structure was considered, namely: [�/−�/�/−�/�/ core /�/−�/
�/−�/�]. The results show that the tailoring of face sheets can have
a strong beneficial effect, especially on the wrinkling response and
less on the global response.

Figure 10, a and b, highlights the effects of the peak pressure on
global and wrinkling dynamic response, respectively, of the panel
mid-point when exposed to a sonic boom pulse. The results reveal
that while qm has an important effect on the global response, its
influence on the local one appears to be rather marginal.

Finally, the dynamic response of the sandwich panel exposed to
an in-air tangential blast, the pressure expression of which is pro-
vided by equation (23), is highlighted in Figs. 11 (a, b) and 12 (a,
b) where, for selected values of 
 and c, the global and local
(wrinkling) time-history deflections of the panel center are depicted.

It is shown that the increases of the blast decay 
 and of wave
speed parameter c yield a stronger decay of the wrinkling deflec-
tion amplitude than of the global one.

6. Conclusions

The problem of the dynamic response of sandwich flat panels
subjected to explosive blast loadings produced by both underwater

Fig. 5 (a) Effect of the ply angles of faces on the global transverse
deflection time-history (Q = 30 Kg, R = 5 m, ẘ a

mn = 0.1 H, ẘ d
pq = 0.01 H,

G13 = 11 × 106 Pa, G23 = 2G13, � = 0.01). (b) Effect of the ply angle of face
sheets on the wrinkling deflection time-history (Q = 30 Kg, R = 5 m, ẘa

mn =
0.1 H, ẘd

pq = 0.01 H, G13 = 11 × 106 Pa, G23 = 2G13) UNDEX. (Reprinted
from Librescu, L., Oh, S.-Y., Hohe, J., 2005, Dynamic response of aniso-
tropic sandwich panels to underwater and in-air explosions, in Thomsen,
O. T., Bozhevolnaya, E., Lyckegaard, A., editors, Sandwich Structures 7:
Advancing with Sandwich Structures and Materials, Proceedings of the 7th
International Conference on Sandwich Structures, Springer-Verlag, Dor-
drecht, with kind permission of Springer Science and Business Media.)

Fig. 6 (a) The effect of the transverse Young’s modulus of the core on the
overall transverse deflection time-history of the panel subjected to UNDEX
(Q = 30 Kg, R = 5 m, ẘa

mn = 0.1 H, ẘd
pq = 0.01 H, E3 = 30 × 106 Pa, � = 0.02).

(b) The counterpart of panel a for the wrinkling dynamic response. (Re-
printed from Librescu, L., Oh, S.-Y., Hohe, J., 2005, Dynamic response of
anisotropic sandwich panels to underwater and in-air explosions, in Thom-
sen, O. T., Bozhevolnaya, E., Lyckegaard, A., editors, Sandwich Structures
7: Advancing with Sandwich Structures and Materials, Proceedings of the
7th International Conference on Sandwich Structures, Springer-Verlag,
Dordrecht, with kind permission of Springer Science and Business Media.)

Fig. 7 (a) Velocity time-history on global and face wrinkling of the
panel subjected to underwater explosion (Q = 30 Kg, R = 5 m, ẘ a

mn = 0.1
H, ẘ d

pq = 0.01 H, � = 0.02). (b) Dimensionless acceleration time-history
on global and face wrinkling of the center panel subjected to UNDEX.
The data are as in panel a. (Reprinted from Librescu, L., Oh, S.-Y.,
Hohe, J., 2005, Dynamic response of anisotropic sandwich panels to
underwater and in-air explosions, in Thomsen, O. T., Bozhevolnaya, E.,
Lyckegaard, A., editors, Sandwich Structures 7: Advancing with Sand-
wich Structures and Materials, Proceedings of the 7th International Con-
ference on Sandwich Structures, Springer-Verlag, Dordrecht, with kind

permission of Springer Science and Business Media.)
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Fig. 8 (a) Effect of sonic boom pulse on the global dynamic response
of a flat sandwich panel (� = 0.1, ẘ a

mn = 0.01 H, ẘ d
pq = 0.0001 H, L/H =

15, tp = 0.01 sec, qm = 10 MPa). (b) Counterpart of panel a for the
wrinkling dynamic response. (Reprinted from Librescu, L., Oh, S.-Y.,
Hohe, J., 2005, Dynamic response of anisotropic sandwich panels to
underwater and in-air explosions, in Thomsen, O. T., Bozhevolnaya, E.,
Lyckegaard, A., editors, Sandwich Structures 7: Advancing with Sand-
wich Structures and Materials, Proceedings of the 7th International Con-
ference on Sandwich Structures, Springer-Verlag, Dordrecht, with kind

permission of Springer Science and Business Media.)

Fig. 9 (a) Effect of ply angle of face sheets on the global instability of
the sandwich panel (� = 0.1, ẘ a

mn = 0.1 H, ẘ d
pq = 0.0001 H, qm = 10 MPa,

G23 = 5G13 = 11 MPa, tp = 0.01 sec, r = 1,2). (b) Counterpart of panel a
for the wrinkling response of the sandwich panel. (Reprinted from Li-
brescu, L., Oh, S.-Y., Hohe, J., 2005, Dynamic response of anisotropic
sandwich panels to underwater and in-air explosions, in Thomsen,
O. T., Bozhevolnaya, E., Lyckegaard, A., editors, Sandwich Structures
7: Advancing with Sandwich Structures and Materials, Proceedings of
the 7th International Conference on Sandwich Structures, Springer-
Verlag, Dordrecht, with kind permission of Springer Science and Busi-

ness Media.)

Fig. 10 (a) Effect of the peak pressure generated by a sonic boom on
the global response � = 0.05, ẘ a

mn = 0.01 H, ẘ d
pq = 0.0001, L/H = 15,

r = 2, tp = 0.001 sec. (b) The counterpart of the case in panel a on the
wrinkling response. (Reprinted from Librescu, L., Oh, S.-Y., Hohe, J.,
2005, Dynamic response of anisotropic sandwich panels to underwater
and in-air explosions, in Thomsen, O. T., Bozhevolnaya, E., Lyckegaard,
A., editors, Sandwich Structures 7: Advancing with Sandwich Structures
and Materials, Proceedings of the 7th International Conference on Sand-
wich Structures, Springer-Verlag, Dordrecht, with kind permission of

Springer Science and Business Media.)

Fig. 11 (a) Effect of the decay parameter 
 on global response of
the center panel subjected to a traveling blast (� = 0.05, ẘ a

mn = 0.01 H,
ẘ d

pq = 0.0001 H, L/H = 15, qm = 50 MPa, c = 150 m/s). (b) The coun-
terpart of panel a for the local response. (Reprinted from Librescu, L.,
Oh, S.-Y., Hohe, J., 2005, Dynamic response of anisotropic sandwich
panels to underwater and in-air explosions, in Thomsen, O. T.,
Bozhevolnaya, E., Lyckegaard, A., editors, Sandwich Structures 7: Ad-
vancing with Sandwich Structures and Materials, Proceedings of the 7th
International Conference on Sandwich Structures, Springer-Verlag, Dor-
drecht, with kind permission of Springer Science and Business Media.)
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and in-air explosions has been addressed. The implications of a
number of structural and geometrical characteristics of the sand-
wich panel, as well as of the ones related to the respective blasts,
have been highlighted and related conclusions have been drawn.
Consideration of the compressibility of the core in the cases of the
UNDEX and INEX has been shown to result in qualitatively and
quantitatively different results, from both the pressure time-history
and the structural response points of view.

The obtained results can be extended to determine the time-
histories of strain and stress components at various points of the
structure. These items are essential for determining the structural
failure.

Other issues that are of high relevance in the context of this
problem, related to bulk and local cavitations, bubble-pulse load-
ing and bubble behavior, and jetting effects on the dynamic re-
sponse of submerged sandwich panels exposed to an explosion,
have not been addressed here. However, the structural model pre-
sented in this paper can constitute a sound basis for the approach
of these important problems.
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Appendix

Equations of motion and boundary conditions

Consistent equations of motion and boundary conditions are
derived from Hamilton’s principle:

�
t0

t1

�	U − 	W − 	T�dt = 0 (A1)

where 	U, 	W, and 	T are the variations of the strain energy, of
the work done by the external loads, and of the kinetic energy,
respectively, in the case of a virtual displacement 	ua

i and 	ud
i of

the sandwich structure during the time interval [t0, t1]. The varia-
tions of the energy components 	U, 	W, and 	T are expressed in
terms of the components �ij of the second Piola-Kirchhoff stress
tensor and the variations 	�ij of the Green-Lagrange strain tensor,
which, subsequently, are expressed in terms of the virtual dis-
placement 	ua

i and 	ud
i by virtue of equations (9) through (14), in

conjunction with equations (1) through (7). In this context, only
transverse distributed loads q̂t

3 and q̂b
3 are considered. In a similar

manner, only the transverse inertia effects are considered, whereas
the tangential inertia terms are discarded (see Hohe and Librescu
2003 for details).

In the resulting expression, the integrals of the three-dimen-
sional stress components with respect to the transverse (x3) direc-
tion are substituted by the equivalent two-dimensional in-plane
and bending stress resultants.

Integrating (A1) by parts wherever feasible, the terms corre-
sponding to the virtual displacement 	ua

i and 	ud
i are collected.

Since the virtual displacements are arbitrary and independent from
each other, the corresponding coefficients must vanish indepen-
dently. Thus, the following equations of motion are obtained:

N��,�
a = 0, (A2)

N��,�
d + Na3�tc = 0, (A3)

M��,��
a + �u3,��

a + ů3,��
a �N��

a + �u3,11
d + ů3,11

a �N11
d + ��tc + t f ��2

− u3
d − ů3

d�N�3,�
c �t c − 2�u3,�

d + ů3,�
d �N�3

c �hc + q̂3
�

− �mf + mc�2�ü3
� − Cu̇3

a = 0, (A4)

M��,��
d + �u3,��

a + ů3,��
a �N��

a + �u3,��
d + ů3,��

d �N��
d

+ �u3,��
d + ů3,��

a �N��
� + 2�tc�2 − u3

d − ů3
d�N33

c �tc + q̂3
d

− �mf + mc�6�ü3
d − Cu̇3

d = 0 (A5)

In the previous equations ůa
3 and ůd

3 are the prescribed initial geo-
metric imperfections; mf and mc are the integrated mass densities
of the face sheets and the core, respectively; q̂3 denotes the pre-
scribed transverse distributed load; and C is the structural damping
coefficient.

In equations (A2) through (A5), the modified stress resultants
and stress couples similar to the definitions of the average and
difference displacement functions ua

i and ud
i , equation (5), are

used.

�N��
a , M��

a , q̂3
a� =

1

2 ��N��
t + N��

b �, �M��
t + M��

b �,

�q̂3
t + q̂3b�

� (A6)

�N��
d , M��

d , q̂3
d� =

1

2 ��N��
t − N��

b �, �M��
t − M��

b �,

�q̂3
t − q̂3

b�
� (A7)

These are expressed in terms of the conventional stress resultants
and stress couples defined as

�N��
t , M��

t � = �
−h f−

hc

2

−
h2

2

���
t �1, �x3 +

hc + hf

2 �� dx3, (A8)

�N��
b , M��

b � = �
hc

2

hf+
hc

2

���
t �1, �x3 −

hc + hf

2 �� dx3, (A9)

�Ni3
c , Mi3

c � = �
−

hc

2

hc

2

�i3
t �1, x3� dx3. (A10)

The corresponding boundary conditions obtained also from
Hamilton’s principle read

un
a = ûn

a or: Nnn
a = N̂nn

a ,

ut
a = ût

a or: Nnt
a = N̂nt

a ,

un
d = ûn

d or: Nnn
d = N̂nn

d , (A11)

ut
d = ût

d or: Nnt
d = N̂nt

d ,

u3
a = û3

a or: �u3,n
a + ů3,n

a �Nnn
a + �u3,t

a + ů3,t
a �Nnt

a + �u3,n
d + ů3,n

d �Nnn
d

+ �u3,t
d + ů3,n

d �Nnt
d + Mnn,n

a + 2Mnt,t
a +

1

hc�hc + hf

2
− u3

d − ů3
d�Nn3

c

− M̂nt,t
a +

1

2
N̂n3

c ,

u3
d = û3

d or: �u3,n
a + ů3,n

a �Nnn
d + �u3,t

a + ů3,t
a �Nnt

d + �u3,n
d + ů3,n

d �Nnn
a

+ �u3,t
d + ů3,n

d �Nnt
a + Mnn,n

d + 2Mnt,t
d = M̂nt,t

d −
1

hc
M̂n3

c ,

u3,n
a = û3,n

a or: Mnn
a = M̂nn

a ,

u3,n
d = û3,n

d or: Mnn
d = M̂nn

d ,

where n and t are the normal and tangential directions to the
boundary. One should consider n � 1, when t � 2, and n � 2,
when t � 1. The prescribed quantities on the boundaries are
indicated by an overcaret. For homogeneous boundary conditions,
these quantities are immaterial.

Orthotropic materials are assumed for both the core and the face
sheets. Whereas for the core, the axes of in-plane orthotropy are
assumed to coincide with the axes xi of the local coordinate sys-
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tem, for the face sheets, the orthotropy axes are assumed to be
rotated with respect to the geometrical ones. Thus, the in-plane
and bending face sheet stress resultants Nf

�� and Mf
�� are related

to the mid-surface and bending strains �f
�� and �f

�� of the corre-
sponding face sheets by

�
N11

f

N22
f

N12
f � = �

A11
f A12

f A16
f

A22
f A26

f

�sym.� A66
f ��

�11
f 0

�22
f 0

2�12
f 0�

�
M11

f

M22
f

M12
f � = �

D11
f D12

f D16
f

D22
f D26

f

�sym.� D66
f ��

�11
f

�22
f

�12
f �

(A12)

where Af
ij and Df

ij are the coefficients of the laminae stiffness
matrices obtained in the usual manner by integration of the cor-
responding components of the reduced three-dimensional stiffness
matrix. The core stress resultants are related in a similar manner to
the transverse shear and transverse normal core mid-surface
strains:

�
N33

c

N23
c

N13
c � = �

A33
c 0 0

A44
c 0

�sym.� A55
c � �

�33
c0

2�23
c0

2�13
c0� (A13)

where the stiffness coefficients Ac
ij are obtained in a similar man-

ner as the face sheet stiffness components Af
ij from the integration

of the corresponding components of the three-dimensional stiff-
ness matrix of the core layer with respect to the layer thickness.

Numerical solution procedure

The edge lengths with respect to the x1 and x2 axis are denoted
by l1 and l2, respectively. The sandwich panel is assumed to be
simply supported along all its edges. Thus, transverse displace-
ments û3 as well as the bending moments M̂nn along the external
edges are assumed to vanish. With respect to the tangential direc-
tions, either the normal edge loads Nnn � N̂nn or the corresponding
displacements un � ûn are prescribed. In the present analysis, the
latter case of boundary conditions (immovable edges in the tan-
gential plane and normal to the edge directions) is adopted.

Under these conditions, an appropriate representation of trans-
verse displacements is given by

u3
a�x�, t� = wmn

a �t�sin��m
a x1�sin��n

ax2�, �m
a =

m�

l1
,

�n
a =

n�

l2

u3
d�x�, t� = wpq

d �t�sin��p
dx1�sin��n

dx2�, �m
d =

p�

l1
,

�n
d =

q�

l2
(A14)

where m and n are the number of modal waves with respect to the
x1 and x2 directions, whereas the numbers of modal waves of the
face wrinkling motion are denoted by p and q. The only remaining

unknown quantities with respect to the transverse displacements
are the modal amplitudes wa

mn and wd
pq.

The initial geometric imperfections are assumed in the same
form as the transverse displacements with the same numbers m, n,
p, and q of modal waves

ů3
a = ẘmn

a sin��m
a x1�sin��n

ax2�, �m
a =

m�

l1
, �n

a =
n�

l2

ů3
d = ẘmn

d sin��m
d x1�sin��n

dx2�, �p
d =

p�

l1
, �q

d =
q�

l2
(A15)

In this case, the modal amplitudes ẘa
mn and ẘd

pq are prescribed
quantities that remain constant during the loading history. For the
buckling problem, the representation (A15) of geometric imper-
fections is known to provide the most critical conditions.

A solution for the in-plane displacement ua
� and ud

�, which is
consistent with the assumed form (A14) of the transverse displace-
ments, can be obtained from the first two equations of motion (A2)
and (A3) (that involve, in fact, four equations) used in conjunction
with the related constitutive equations (see Hohe and Librescu
2003 and Hause et al. 1998 for details). As a result, a consistent
solution for the displacement field ua

i (x,t), ud
i (x,t) is available

where the modal amplitudes wa
nm(t) and the face wrinkling mode

amplitudes wd
pq(t) are the only remaining unknowns. The solution

satisfies identically the first four equations of motion (A2) and
(A3) as well as the essential boundary conditions. The nonessen-
tial boundary conditions are satisfied in an integral average sense
along the respective external edges.

The unknowns wa
mn and wd

pq are determined by means of an
extended Galerkin procedure (Hause et al. 1998). Therefore, the
solution for the displacement field enables one to be substituted
into the constitutive equations to obtain the expressions of stress
resultants Nt

��, Nb
��, Mt

��, Mb
��, and Nc

i3 of the top and bottom
face sheets, and of the core, respectively. All these are substituted
into the variational equation (A1), and the virtual displacements
	ua

i and 	ud
i are expressed in terms of the variations 	wa

mn and 	wd
pq

of the model amplitudes. Subsequently, the integration in equation
(A1) is performed and the coefficients for the variations 	wa

mn and
wd

pq of the modal amplitudes are collected. This result is a single
homogeneous linear equation for the variations of the modal am-
plitudes. Since the variations 	wa

mn and 	wd
pq are arbitrary and

independent from each other, the corresponding coefficients must
vanish independently.

By this procedure, a system of two linear differential equations
for the deformation history in terms of the two unknown modal
amplitudes wa

mn and wd
pq and the corresponding accelerations is

obtained. The system has the following structure:

ẅmn
a �t� = 	

i=0

3

	
j=0

3

Cij
a�t��wmn

a �t��i �wpq
d �t�� j

ẅp
d�t� = 	

i=0

3

	
j=0

3

Cij
d�t��wmn

a �t��i �wpq
d �t�� j

(A16)

where t denotes the time variable. The coefficients Ca
ij(t) and Cd

ij(t)
are lengthy expressions depending on the material properties, on
the panel geometry, as well as on the external loading time-
history. The obtained initial value problem is solved numerically
using an explicit fourth-order Runge-Kutta scheme with variable
time increments.
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