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Steady state penetration of thermoviscoplastic targets
R. C. Batra
Department of Engineering Mechanics, University of Missouri-Rolla, Rolla, MO 65401-0249, USA

Abstract. Steady state thermomechanical deformations of a target hit by a rigid cylindrical penetrator with an ellipsoidal
nose are studied. The material of the target is assumed to be thenttally softening but strain and strain-rate hardening, Results
computed and presented graphically include the pressure distribution on the nose of the penetrator, dependence of the axial
resisting force upon the speed of the penetrator, and the variation offield quantities such as the temperature and strain-rate
in the target. Computed results show that the ratio of the major to minor axes of the ellipsoidal nose has a significant effect
on the deformations of the target particles in the vicinity of the penetrator nose.

1 Introduction

In an attempt to shed some light on the validity of the approximations made in simple tJleories of
penetration due to Alekseevskii (1966) and Tate (1967, 1969), Batra and Wright (1986) studied in
detail the penetration problem that simulates the following situation. Suppose that the penetrator

I is in the intermediate stages of penetration so that the active target/penetrator interface is at least

one or two penetrator diameters away from either target face, and the remaining penetrator is much
longer than several diameters and is still traveling at a uniform speed, Thus steady state deformations
of the target, presumed to be made of a rigid/perfectly plastic material, and being penetrated by a
long cylindrical rigid rod with a hemispherical nose were analysed. Subsequently Batra (1987)
showed that the axial resisting force experienced by the rigid penetrator is considerably reduced if
its !Jose shape is ellipsoidal rather than hemisphericat and also investigated th~ effect of the fiepend-
ence of the flow stress upon the strain-rate, Herein we study the steady state penetration problem
when the target material is thermally softening but strain and strain-rate hardening.

Pidsley (1984) has recently given a detailed numerical solution of the penetration problem in
which both materials are considered to be deformable and rigid/perfectly plastic. We refer the reader
to his paper for more references on this subject, Even though we study a somewhat simpler situation,
our material model is more general in that we account for the effect of strain and strain-rate
hardening and thermal softening, We note that the peak strains and strain-rates encountered during
steady state deformations of the target are of the order of 10 and 105 sec-l respectively. Also the
temperature at target points may rise to as much as half of the melting point of the target material,
We study the effect of these competing factors as well as of the penetrator speed and the shape of
its nose on the deformations of the target,

2 Formulation of the problem

Since the axisymmetric deformations of the target appear to be independent of time to an observer
situated on the penetrator nose and moving with it, we choose a cylindrical co-ordinate system
attached to the nose tip with the positive z-axis pointing into the target material. With respect to

~ these axes translating with a uniform velocity voe, e being a unit vector along the penetrator axis
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and in the direction of its motion, equations governing the thennomechanical defonnations of the
target are

div v = 0, (I)
diva = (1(v - grad) v, (2)

- divq + tr(aD) = (1(v - grad) U, (3)

tr(aD)=(v-grad)", (4)
D = (grad v + (grad v)TJ2 . (5)

Equations (I) through (4) written in Eulerian description of motion express respectively the balance
of mass, linear momentum, internal energy and the evolution of the work hardening parameter x.
In Eq. (4) we have neglected the elastic defonnations of the target and in Eq. (3) assumed that all
of the plastic working, rather than a part of it (e.g. Farren and Taylor 1925) is dissipated in the fonn
of heat. The operators grad and div signify the gradient and divergence operators on fields defined
in the present configuration. Furthennore, a is the Cauchy stress tensor, (1 is the mass density of the
target material, v is the velocity of the target particle relative to the penetrator, q is the heat flux per
unit present area, D is the strain-rate tensor, and U the specific internal energy. Equations (J)
through (4) are to be supplemented by constitutive relations and boundary conditions.

We assume the following constitutive relations for the target material.

q = -kgradO, (6)

U=cO, (7)

a=-pl+2,u(I,O,tp)D, ifD-I=O, (8)

tr(s2) ~ ~ 0"0(1- a 0)2(1 + ~ )2n, if D = 0, (9)
3 tpo

s=a+pl, {I 0)"

2,u (I, 0, tp) = ~(1 +bI)m(l-aO) (1 + ~)n, (JJ)
V 31 tpo

x(tp) = 0"01jJ(1 + tpJtpo)n, (J2)

12=ttr(D2). (J3)

Equation (6) is Fourier's law of heat conduction, k is the thennal conductivity, 0 is the change in
the temperature of a material particle from that in the underfonned configuration, c is the specific
heat which is assumed to be constant,p is the hydrostatic pressure not detennined by the defonnation
history, and 0"0 is the yield stress in a simple tension or compression test. The material parameters
band m describe the strain-rate sensitivity of the material, the material parameter a describes its
thennal softening, and tpo and n characterize the strain hardening of the material. An integral fonn
of Eq. (12) with" interpreted as the true stress and tp the plastic strain represents the stress-strain
curve in a quasi static reference test. Equation (8) may be interpreted as a constitutive relation for
a Non-Newtonian fluid whose viscosity,u depends upon the strain-rate, temperature and a material
parameter tp. Equation (8) implies that,(1 )t 1 ( tp)n '.-
:2trs2 =j73O"o(l+bI)m(l-aO) 1+~ (J4)

which can be viewed as a generalized Von-Mises yield criterion when the flow stress (given by the
right-and side of (14)) at a material particle depends upon its strain-rate, strain and temperature. A
constitutive relation similar to Eq. (8) has been used by Zienkiewicz et al. (1981) who took

2,u = [0"0 + (2IJ{3y)l/n]J{3I, (15) ~
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wherey and n are functions of(}. They asserted that it representsPerzyna's viscoplastic model. For
a simple shearing deformation, Litonski (1959) proposed that

~ t= c(l - aO)(1 + by)myn (16)

where t and 'Y equal the shear stress and shear strain, and c is a material constant. Note that this
relation implies that -r is zero whenever y = O. Another stress-strain law proposed by Lindholm and
Johnson (1984), based on fitting curves to experimental data obtained from torsion tests, is

() -()
t = (A + Byn) (1 + C In (y/10» ~ (17)

where (}m is the melting point of the material, (}o is a reference temperature, and A, Band Care
material constants. Lin and Wagoner (1986) recently reported that the following curve

u = 556 (8 - 0.014)0.219(6/0.02)0.018(1 - 0.0012 «() - 298»MPa , (18)

fitted well their experimental data derived from a uniaxial tension test on Armco I. F. steel. In Eq.
(18), u and 8 are the axial stress and the axial strain respectively and () is in OK. The linear dependence
of the flow stress upon temperature has also been observed by Bell (1968).

The constitutive relation (8) with Jl given by Eq. (11) is an attempt to generalize the one used by
Wright and Batra (1986) for simple shearing deformations of nonpolar and dipolar materials. They
used it to study shear strain localization phenomenon in metals and derived it by using arguments
similar to those employed by Green, McInnis and Naghdi (1968). A curve fit to the torsion test
data of Costin et al. (1979) for a 1018 cold rolled steel givesn = 0.09, tpo = 0.017, b = 104 sec-1 and
m = 0.025.

Before stating the boundary conditions we non-dimensionalize the variables as follows.

fr=O'/uo, p=p/uo, s=s/uo, v=v/vo, ;=r/ro, i=z/ro, (J=O/(}o,
Vo (19)

D=b-, ii=a(}o, lX=eV~/Uo, P=k/(Qcvoro), (}o=uo/(Qc).'0I . .

Substituting from Eqs. (6) through (12) into the balance laws (1) through (4), rewriting these in
terms of non-dimensional variables, and denoting the gradient and and divergence operators in non-
dimensional coordinates by grad and div, we arrive at the following set of equations.

divv = 0, (20)

divO' = IX(V. grad) v, (21)

tr(O'D) + pdiv(grad(}) = (v' grad)(), (~~)

tr(O'D) = (v. grad)tp, (23)
(1 + tp/tpo)n

where

0'= -pl+~(1 +bl)m(l-a(}) (1 + ~)nD, (24)
V 31 tpo

and we have dropped the superimposed bars. ;

We assume smooth conta~ at the target/penetrator interface. Thus the boundary conditions on
this surface are

t.(O'n)=O, (25.1)

v.n=O, (25.2)
q . n = h «() -(}o), (25.3)

where h is the heat transfer coefficient between the penetrator and the target, (}o is an average
I
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temperature of the penetrator, and nand t are, respectively, a unit normal and a unit tangent vector
to the surface. At points far away from the penetrator

Iv+el-+O, 0-+0, tp-+O as (r2+z2)t-+00, z>-oo, (26.])

l(Jnl -+ 0, Iq.nl -+ 0, tp -+ 0 as z -+ -00, r ~ roo (26.2)

The boundary condition (26.1) states that target particles at a large distance from the penetrator
appear to be moving at a uniform velocity with respect to it and experience no change in their
temperature. Equation (26.2) implies that far to the rear the traction and heat flux fields vanish.

Note that the governing Eqs. (20)-{23) are coupled and are nonlinear in v, 0 and tp. Their
solution, if there is one, may not be unique and will depend, in general, upon the rates at which
quantities in (26) decay to zero. Since we are unable to solve these equations analytically and prove
any uniqueness theorem, we will seek a numerical solution of these equations which we hope will
be physically meaningful.

3 Finite element formulation of the problem

The numerical solution of the problem necessitates the consideration of a finite region. Since the
target deformations are axisymmetric, only the target region R shown in Fig. 1 is studied. The
adequacy of the finite domain considered will be verified by soJving the probJem for two separate
regions, one larger and containing the other, and ensuring that the two sets of computed values of
variou5 fie::! qualltities are close to ertch other. Th~ bourutary conditions (26) are replaced by the- following.

00
O"zz = 0, v, =-0, fu = 0 on the surface AB, (27.])

O",z=O, v,=O, ~ = 0 on the axis of symmetry DE, (27.2)
i! or . .

v, = 0, Vz = -1.0, 0 = 0, tp = 0 on the boundary surface EFA. (27.3)

Referring the reader to Becker et al. (]981) and Zienkiewicz et al. (1981) for details, we simply note
that a weak formulatipn of the problem defined on the region R by Eqs. (20)-(24) and boundary
conditions (~5) and (27) is that equations

f;.(divv)dr;=O, (28.1)
R
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kt=3.25ro-J Fig. 1. The finite region studied


