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1 Lecture # 4, September 3, 2001

We spent most of the time on finishing the example on determining, given
the nine stress components at a point, the stress vector acting on a plane
passing through that point whose unit normal is known. Experience gained
from the application of principles of Statics for a specific example was used
to derive Cauchy’s relation. To that end, consider an arbitrary plane ABC,
whose unit normal is 7 = n,0+ n,7+ nZE; where n,, n,, and n, are the
direction cosines of the unit normal.

Let 6F, be the force that rest of the body is exerting on the plane ABC'.
Let (513(_95) be the force exerted by rest of the body on the plane AOB with
unit normal —7} similarly we define force 5ﬁ(_y), for plane OBC' with unit
normals —7; and and force 5]3(,2) exerted on plane OAC with unit normal
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—k. From Statics, we get;
0F, = —(0F_y +0F ) +6F_.)
— OF,+0F,+0F, (1)
Here we have made use of the fact that 5ﬁ(_x) = —5ﬁx, 5ﬁ(_y) = —§ﬁy, and
0F .y = —0F,.

Let A be the area of plane ABC’; and dA,, 0A,, and 0A, that of planes
OAB, OBC, and OAC, respectively. The direction cosines of the unit normal
7 can be expressed as: n, = 0A4,/0A; n, = dA,/0A; and n, = JA,/0A.

Equation (1), can be written in terms of stress components, as:
0,0A = 0,0A; +0y0A, + 0.0A, (2)

Dividing both sides by d A, the area of plane ABC, we get:

L 0A . 6A,OA.
In = Tugpy T sA T 95

= 0,Ny +0oyny + 0.n, (3)

Note that (Eq. 3) is a vector equation, it thus represents a set of three
equations, each one of which satisfies the equilibrium in z, y, and z directions
respectively. The three equations can be obtained by expressing both sides
of Eq. (3) in terms of stress components. The stress vectors, &, d,, 0, and
0, in expanded form can be written as :

671 = O_nx?‘l' Uny]_"{' Unzk

Oy = Ogal + Toy] + Tmzlg
Gy = Tyal + Oy + Tyeke
Os = Togl + Toy] + UzZE
Writing all the stress vectors, on both sides of Eq. 3, in expanded form,
collecting the terms for each of the three unit base vectors 7. 7, and k on the
right hand side; and comparing terms for each of the three unit base vectors,
we get:
Opz = OgaNg + TyazTly + ToaMy
Opny = TayNae + OyyNy + ToyN

Onz = TagNg+ TyzTly + 0.0, (4)



The aforementioned set of equations constitute the well known (Cauchy’s)
relation for determining stress components on an arbitrary plane passing
through the point for which the 9 stress components are known, provided
the direction cosines of the unit normal of the plane are known.

Making use of the fact that the stress matrix is symmetric (we will prove
it soon), Cauchy’s relation, Eq. 4, can be written in the following matrix

form:
Ony (= | Tyz Oyy Tyz ny ¢ =[o]{n}

2 Lecture # 5, September 5 , 2001

The lecture was mainly about the use of Cauchy’s relation to express bound-
ary coditions and to calculate the Principal stresses and Principal planes.
A Principal plane is a plane passing through the point of interest such that
stress vector acting on the plane is normal to it. There are three such mutu-
ally orthogonal planes passing through the point. The corresponding value
of the stress vector acting normal to each of the planes is called Principal
Stress. The Principal planes are not subjected to any shear stresses.

Boundary Conditions Cauchy’s relation is used for relating the sur-
face tractions at a point on the surface (boundary) of the body to the inner
stresses, or to determine the stress boundary conditions which must be sat-
isfied at those points on the boundary where the tractions or surface forces
are specified. Surface forces are the distributed forces acting on the surface
and have dimensions of force per unit area. The fluid pressure acting on a
body is an example of surface forces. Let the traction acting at a point on
the boundary has components 73", To™ and T¢™, and let ny, ny, and n, are
the direction cosines of the outer unit normal acting on the surface at that
point. Then the stress components at the boundary must be related to the
three components of the surface traction as:

(n)
T, = | Tyz Oyy Tyz Ty
TZ TZ[E TZy UZ 4 nZ



The above set of equations is same as the one given (without proof) as Eq.
1.7, page 9 of your text.

Principal Stresses: As mentioned before, at a given point the stress
vector (its magnitude and direction) varies as the orientation of the plane,
for which the stress vector is calculated, varies. A number of questions arise.
Is there any plane(s) on which the normal stress has the largest possible value
or what plane, passing through the point,has the largest possible shear stress
value.

The knowledge of Principal planes answers these questions. A Principal
plane is a plane such that the stress vector acting on that plane has no com-
ponent which is tangent to the plane, i.e. there are no shear stresses acting
on the plane. In other words, the stress vector has the same direction as the
unit normal that describes the plane. The magnitude of the stress vector is
called the Principal stress. Both the Principal plane and the corresponding
stress can be obtained from the stress matrix as follows.

Let 7, 1y, and n2, are direction cosines of the unit normal, n of a Principal
plane. Let A is the magnitude of the stress vector acting on the plane. Since
the stress vector and the unit normal are in the same direction, the stress
vector o can be expressed as:

— NPl + 7, + n2k)

S

Uﬁ:)\

From Cauchy’s relation, the principal stress vector can be expressed in
terms of the 9 components of the stress matrix as:

Ay, = | Tyz Oyy Tyz Ty (5)



Equation 5 can be written as:

Tye Oyy Tyz Ny = AQ Ty
TZ"E TZy O-ZZ nZ TLZ
1 00 Mg
= X010 Ny (6)
0 01 n,

Equation (6) is an eigenvalue problem. By solving this eigenvalue problem,
we can determine the value of A and the direction cosines of the unit nor-
mal for the principal plane. In fact, as we will shortly see in the following,
we have three (may or may not be distinct) possible values of A and three
corresponding planes.

Equation (6) can be written as:

Opg — A Tay Tz Ny 0
Tyz Oy = A Ty ny ¢=4 0 (7)
T Ty Ouy — A M, 0

One obvious solution is n, = 0, 7, = 0, and 1, = 0, a trivial solution and of
no particular value to us. From Kramer’s rule, nontrivial solutions to Eq. (7)
exist provided the determinant of the matrix on the left hand side of Eq. (7)
vanishes. That is, to get nontrivial solutions, we must have:

Oze — )\ 7_a:y Tez
Tye Oy — A Tys =0 (8)
Tzx sz Ozz — A

Equation (8) is a cubic equation in A and thus, has three solutions. These
three solutions are called the eigenvalues of the stress matrix and give us three
Principal stresses. Since the stress matrix is symmetric, we are guaranteed
that the three eigenvalues (Principal stresses) will be real-valued.

Corresponding to each eigenvalue, we have a vector, called eigenvector,
that yields the direction cosines of the unit normal of the corresponding
Principal plane. The components of these vectors are obtained from Eq. (7)
by substituting in this equation the value of A, the principal stress of interest.
Note that the three vector components of the eigenvector will not be uniquely



determined. This is because, once we substitute value of A in Eq. (7), the set
of the three equations is no longer a set of linearly independent equations.
Any one of the three equations can be written as a linear combination of one
or both of the remaining equations. To find nonunique solutions, we will have
to assume a value for one (or two) of the three components and determine
the remaining two (or one) in terms of assumed component(s).

The three components will thus only provide the overall direction of the
normal to the Principal plane corresponding to a given A. These components
must be then normalized such that the magnitude of the eigenvector becomes
unity.

These ideas are best understood using an example.

3 Lecture # 6, September 7 , 2001

Most of the time in this lectire was devoted to solving an example on Principal
stresses and Principal planes.

Example: Determine the principal stresses and principal planes for the
following state of stress.

o] =

(el VR
(el (VRN \V]
_ o O

Using Eq. 7, the characteristic equation is given by the following equation:

2—X 2 0
2 2=-Xx 0 =0
0 0 1-A

The above equation, on simplification, becomes:

2 2—-A

0 0

2-X 0 2 0
<2_A>‘ 0 1—)\‘_2'0 1 -

KR
or 2=XM{2=-XN(1-=-X)—=0}—-2{2(1-X)—-0}=0
or 2\3—5A2+4A:Q

Characteristic equation




The roots of the Characteristic equations are: Ay =4, Ay = 1, and A3 = 0.
These are the three principal stress values.

Principal Planes The unit vectors for each of the three principal planea
can be obtained by substituting the values of each of the three principal
stresses in Eq. (7). Let 7" be the eigenvector corresponding to the [th
eigenvalue, where [ = 1,2, 3.

Case 1=1: The eigenvector for the the first eigenvalue \; = 4 can be
obtained by substituting A = 4 in Eq. 7. This leads to a set of following
three equations:

29_4 9 0 a, )Y 0
29 2.4 0 7, ~{ o0 9)
0 0 1-4 7, 0

The first two linear equations in the set of equations given by (9) are exactly
the same. Thus the three unknowns are not independent of each other. We
need to describe two of the unknowns in terms of the third one, say ﬁgl). A
solution to the set of equations given by (9) is:

A =1, 2’ =1, and @}’ =0

The above values can be normalised to yield the magnitude of the vector

7" to be 1. The normalized eigenvector or the unit normal describing the

Principal plane corresponding to the first Principal stress is given as:
M _ i?—l— 1 7
V2 V2

Case 1=2, and 1=3: The normalised eigenvectors corresponding to the

=11}

second and third eigenvalues (Principal stresses) can be obtained following a
similar procedure. These are, respectively, for Ay = 1, and A3 = 0,

ﬁ(Q)ZE
@ 1, 1,
V2 V2

The fact that one of the eigenvector is k should not be a surprise as the

n

given state of stress has no shear components on the z— plane. The z—



plane is thus one of the Principal planes with the Principal stress being 1.
The eigenvalue analysis merely verifies that fact.

Also note that the three Principal planes given, respectively, by three

(1 =2 3)

eigenvectors n ', n', and n° are mutually orthogonal.

To determine failure, at a point, it is often of interst to find maximum
shear stress and corresponding plane. Using Mohr’s circle, the maximum
shear stress, can be obtained as:

A

Tmax 2

Here \; and A3 are the largest and the smallest (in algebraic sense, and not in

terms of absolute value) principal stresses. This stress will act on the plane

2) 3)

that makes an angle of 7/4 with both n"~, and il planes.



