AOE 3024: Thin Walled Structures
Solutions to Homework # 10

Problem 9.15: For the unsymmetrically thin-walled section shown, determine the
location of the shear center.
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Fig. 1 Unsymmetrically thin-walled channel section.

FIRST: Understand the problem

One can often reduce the amount of computation by giving some thought to the problem:

Since this is a unsymmetrically thin-walled section, we will need to calculate all second moments of
area about the centroid. Therefore, the location of the centroid will be needed.

Next, before we proceed let us decide where to take the torque equivalence. Recall that the
torque equivalence about a point, say O, determines the location of the shear center. Further,
arbitrarily apply shear loads S, and S, at the shear center S.

Torque equivalence can be taken about any point. However, for some points less
calculation will be needed. For instance, if we take moment about the shear center
then the shear flow acting at each branch will have to be calculated. If we choose
point 1 or 4, then the shear flow acting in two branches will have to be calculated.

For point 2 or 3, only the shear flow along one of the branches needs to be calculated.
If torque equivalence is taken about a point 3, then only calculate gi2(s). If torque
equivalence is taken about a point 2, then only calculate g43(s). Therefore, for the
solutions to this problem point 3 is used.

Regardless about what point we take the torque equivalence, we should get the same

answer.
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If point O, = 3, then we should consider Fig. 2
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Fig. 2 Suggested shear flow convention for statically equivalence by taking the torque at
point 3

If point O = 2, then we should consider Fig. 3
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Fig. 3 Suggested shear flow convention for statically equivalence by taking the torque at
point 2

It is not necessary to follow the above shear convention. However, in doing so it simplifies
the computations. As a practice, we will here calculated the shear flow distribution for all three
branches. Further note that:

qij(s) = —q;i(s)
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For the present solution we will take torque equivalence about point 3 and use Fig. 2. In solving
this problem, consider a four-step solution procedure:

1. Calculate the centroid: z. and y.
2. Determine the second moments of area about the centroid: I,,, I, and I,

3. Find the shear flow distribution in each branch, ¢;(s), to find the vertical location, 7y, of the
shear center by considering S, = 0 and S, > 0

4. Find the shear flow distribution in each branch, ¢;(s), to find the horizontal location, &, of
the shear center by considering S, = 0 and S, > 0

BASIC EQUATIONS:

Shear flow distribution

When S, and S, is applied through the shear center then no torsion exists and the shear flow
distribution is given by

Sy Loy — Sy I s Sy Lyy — Sz 1, s
4i(s) = o, — < - y)/ ti(si) wi(si) ds; — ( — y)/ ti(si) yi(si) ds; (1)
]zz Iyy — I2y 0 ]zz Iyy - IQy 0

where g,, is found by evaluating ¢;(s = 0).
When the thickness is constant along each branch: ¢;(s;) = t;.

Torque equivalence
Torque equivalence about a point, say O, = 3, determines the location &, of the shear center. For

a positive torque counterclockwise (see Fig. 2),
for S, =0 and S, >0

5.a-n) =Y [ Tl x Tuls)ds 2)
for S; =0 and S, >0

5,6=3 /0 " Pils) x Tals)ds (3)

where i represents the i branch, a; the length of the branch, and r;(s) the distance perpendicular
from the point 3 to the contour s;.
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I. Centroid
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Fig. 4 Calculation of the centroid.

Let’s place the origin at point 2 and calculate z. and v..

Section ‘ ; ‘ Yi A;
12 a | 0| (2a)(t)
23 0 | a | (2t)(2a)
34 a/2 | 2a | (a)(2t)
Z Ay = 3d’t
Z v A, = 8a’t
T, = SS4, s a
Ye = Z A, =a
T, = ga Ye = a (4)
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II. Second moments of area

Using thin-walled assumption

Section

Ixci

[yci

TeYceq

12 (2at3)/12 =~ 0

(t(2a)%) /12

23 (2t (2a)) /12

(2a (2t)3) /12 =0

34| (a(20)

H/12~0 | (2t (a)?) /12

Second Moment of area I, using thin-walled assumption is

1555512

[xxzs

IIZS4

Ly, + Are [dy12]2
0+ (2a)(t) [—a)?

Iy, + Ass [dy34]2
0+ (a)(2t) [a]2

]mlz + ]zmgs + ]zx34

4 16
2ta3+§ta3+2ta3 = gtag’

Second Moment of area I,, using thin-walled assumption is

[yyu = [ycm + A12 [dl‘12]2

_ %ta3+(2a)(t) Ear

Ly = Iy, + Asydzas]”

8

= 0+ (2a)(2t) {—§ a} 2

I = I

Yys4 Yezq

+ A34 [d$34] 2

12

L, = 1

vy

S pat s 50,
= | —=ta’+—ta
12 64

= 246+ (a)(2) E ar

Yyi2 + Iyl/23 + Iyy34
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Second Moment of area I,, using thin-walled assumption is

I$y12 = [Zc Ye12 + A12 I:dx12 dle]

_ O—l—(2a)(t)[ ga) (—a)]

Loy = + Aoz [dog dyos]

Ic Yea3

|30

I = I

TcYezq

+ Ay [dxgy dyss)

— 0+ (a)(20) K% a) (a)}

Iajy = ‘[xy12 + Iwy23 + Ia:y34

2 10
= gta3+0— gta = —ta®
Second moments of area about the centroid
16 53
Im:§ta3 Iyy—ﬂta I, =—ta (5)
The factor in the denominator is
97
Lo Ly — I, = > —a’ (6)
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ITI. Shear flow distribution and vertical location, 7, of the shear center by considering
Sy =0and S, >0
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Fig. 5 Shear flow convention for statically equivalence when taking the torque at point 3

When S, = 0 and S, > 0 is applied through the shear center then no torsion exists and the shear
flow distribution for this problem is given by

Sac s s
qz(S) = qoi — ﬁ <]zx / tz .TZ(SZ> dSZ' — ]my / tz yz(sz> d82> (7)
zx Lyy y 0 0

where g,, is found by evaluating ¢;(s = 0).

Substitute the moments of area in the above equation to get

06 = 10— ot (et [t ds = (ta) [ s as) (5)

C97a5¢2 \ 3

98 16 (¢ s
= o, — = | 5 tixi(si) ds; tiyi(si) dsi

In order to calculate the shear flow in each flange, we need to first find the y;(s;) for each part.

Following the assumed flow convention in Fig. 5 and from the geometry of the cross-section we get:
(about the centroid)

For flange 12,

3
S$19 =0 = x12:2a—§a; Y12 = —a (9)
3
S12 = 2a = T2 = 3 a; Y12 = —a (10)
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For flange 23,

So3 = 0 = Loz = — = Q; Yoz = —a (11)

So3 = 2a = Toz = — 5 @4 Y2z = a (12)

For flange 34,

3
S34 = 0 = T34 = —g a; Y34 = @ (13)
3
S = a = T34 = a — ga; Ysa = a (14)

Since these are straight lines, the equation of the line to can be used to calculate z;(s;) and
yi(si),

Yl T Y|

vilss) = (Si_agli — (si=0) s; +b; where b; = y; o) (15)
T — 2y

zi(s;) = (Si:ac;)l 3 (5i=0) s; + ¢ where c; = x; 0] (16)

where a; is the length of each branch.
For flange 12, (t15 = t)

y12(812) = —a
13
$12(812) = < a4— 3512
8
95, 16 [* s
q12(s) = qou—m (3/0 t12$12(812)d312+/0 t12y12(512)d5’12) (17)

95, 16 [° 13 5
= Qo T go o3y (3/0 t <§G—812> d812+/0 t(—a) d812)

_ 69S,s 248, s?
= o 97 a? 97 a3

Qoo = qi12(0) =0 free edge

69S,s 248,s>

aa(s) = - 97 a? + 97 a3 (18)
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For flange 23, (to5 = 2t)

Yo3(S23) = —a+ So3
3
$23(523) = —g a
95, 16
©23(8) = Gopy — 97 a3t
95, 16 /8 of 3
= Qoo — —— | — ——a
s " 9703t \ '3, 8

_ N 54S,s 985, s

T G T g7z T 9743
42 S,
qc23 = (123<0) = Q12(2a) == — 97@
(s) 425x+545$s 95, s

s) = — —
123 97a | 972 97a®
For flange 34, (t34 = 2t)
y34(334) = a
3
I34(834) = _§ a—+ Ssq
(5) = B 95, 16
q34 - q034 97 a3t

?/ t23a723(823)d823+/ 7523{923(823)61323)
0 0

dsos + / 2t (—a + 323) d523)

0

3/ t34 T34(S34) d534+/ t34 Y34 (S34) d834>
0 0

95, 16 [° 3 5
= Qo34 — m <§ /0 2t (—g a + 534) d834 +/0 2t (CL) d834>

_ L 18Ss 488,
= dos 97 a? 97 a3
305,
Qo = q34(0) = q23(2a) = 7 a
() 30535_{_185355 4853582
3415 97a | 97a®  97d°

Check: Since point 4 is a free edge

qaa(a) = must be zero
B 30556_’_185:6(1_485:6a2
- 97a 97 a? 97 a?
= 0..GOOD!
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As mentioned before, for torque equivalence about a point 3, Os = 3, with S, = 0 and S, > 0,

S, (20 —1,) = Z/Z7i(s)x?i(s)ds
i 0

Sy (2a—1ns) = —/0 T12(5) q12(s) ds

For this problem, r15(s) = 2a and a3 = 2a:

2a 2
69S,s 2485.s
Sy (2a —ng) = — 2 — a L d
(2a = n,) /o a( 97a2+97a3)8
_ 148S5;a
N 97
46
s — = a
=97
Ans.
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IV. Shear flow distribution and horizontal location, £, of the shear center by consid-
ering S, =0 and S, > 0
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Fig. 6 Shear flow convention for statically equivalence when taking the torque at point 3

When S, = 0 and S, > 0 is applied through the shear center then no torsion exists and the shear
flow distribution is given by

S S S
Gi(s) = o — —2 (1, / (i) ai(ss) dsi + T, / (i) i(s:) ds; (28)
Im Iyy —I2 0 0

Ty

where ¢, is found by evaluating ¢;(s = 0).

Substitute the moments of area in the above equation to get

98, o [ 53, [°
() =q. — 22y [ _(_ - (s:) dss - 22 i(s:) ds; 9
¢ (s) = qo, 07 a6 12 < (—ta”) /0 tixi(si)ds; + 54 ta /0 t; yz(sz)dsl) (29)

908, [ [° 53 [
= o, — tizi(si)dsi+ o7 | tiyi(si)dsi

In order to calculate the shear flow in each flange, we need to first find the y;(s;) for each part.
However, these were found previously.
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For flange 12, (t;5 = 1)

y12(812) =

1’12(312) =

Q12($) =

o, =

Q12(5)

For flange 23, (to3 = 2t)

923(323) =

9623(823) =

Q23(S) =

Goss =

QQs(S)

For flange 34, (t34 = 2t)

y34(834) =

9534(834) =

Q34(5) =

Qo34

qa(s) =

—a
13
—a—s
3 12
98, [ [* 53 [
o1z — t d — [t d
o1z 97 a3 1 (/0 12 Y12(s12) dsi2 + 2 J, 12 Z12(812) 312)
21S,s 98,5
Qo1 +
388 a? 194 a3
¢12(0) =0 free edge
218,s 95,5
388a?  194a?
—a + Sao3
3
——a
8
98, [ [ 53 [
Gors ~ 97 3% (/0 ta3 Yo3(523) dsas + 9 /. t23 To3(523) d823>
N 935,s 1595, s*
G T 19402 T 77667
57 S,
= 2q) = — Y
q23(0) = q12(2a) 1944
575,  935,s 1598, s’
194a 194 a? 776 a?
a
Sy
——a+s
3 34

95, [ [* 53 [*
Qoss — 97 a5t </0 t34 Y34(S34) dsga + o1 ; t34 T34(S34) d834>

3355 95,5
Qoss 97 a? 97 a3

42 8
= 2a) = Ld
434(0) = q23(2a) 07 a
428, 33S,s 985,s?
97a 97 q? 97 a?
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Check: Since point 4 is a free edge

qsa(a) = must be zero

425, 33,0 95,a?
97a 97 a? 97 a3
= 0..GOOD!

As mentioned before, for torque equivalence about a point 3, Oy = 3, with S, = 0 and .S, > 0,
Sy& = > / Ti(s) x Ti(s)ds (36)

— Jo

a2

5,6 = - / ria(s) quals) ds (37)
(38)

For this problem, r15(s) = 2a and a3 = 2a:

2a 215,s 99, s>
— - 2 Y Yy d 39
Sy s /0 ¢ (388a2 * 194a3) i (39)
47S:a

97

45

&s=——a

97
Ans.
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