AOE 3024: Thin Walled Structures
Solutions to Homework # 12

Determine displacement at each node and the axial force in each spring.

Fig. 1 Problem 12

The force displacement relationship for one element is

F,, (4) - ki —k; w (4)
Fsz N —k; k; Uo
Note that the force can also be calculated by

FO =k, <u§z) B ug)) PO — & <ug) B uy))

2

M 0 ORIN0)
FXl Uy _>°_/\/\/\/\_‘_> FX2 ‘U,
Element 1

1
ug):u3:0 Uy = Uy

Thus the connectivity vector is: C7 = {3, 1},

3 1
Fxl W = 3 k’l —]{31 Ugl) = Uz =
Fy, R I R u) =y
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where k; = k.

Element 2

qu) = U1 qu) = Ug

Thus the connectivity vector is: Cy = {1,6},

where ky = k.

Element 3

where ks = 3 k.

Element 4

’LL(14) = Uy U§4) = Ug

Thus the connectivity vector is: Cy = {4, 6},

le @ =4 k’4 —k?4 UYL) = Uy
Fy, 6 —ky k4 ul? = ug
where k4 = k.

Element 5

’LL(15) = Uy Ug5) = U9

Thus the connectivity vector is: Cs = {4, 2},

4 2
le @ = 4 k’5 —]{55 U§5) = Uy
Fy, 2 —ks ks ul? = u,
where ks = 2 k.
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(10)

(11)

(12)



Element 6

U§6) = Ug Ugﬁ) = U3

Thus the connectivity vector is: Cs = {6, 2},

where kg = k.

Element 7

7
u(l):u2 Uy’ = us =0

Thus the connectivity vector is: C; = {2, 5},

where k; = 2 k.

Assemblage is done by using the connectivity vectors:

DO W N~

1
[ k1 + Ky + ks
0
—ky
—ks
0

— ks

2 3 4 5
0 —kl —k’3 0 _k2
ks +ks+k; O —ks —ky —kg
0 kq 0 0 0
—ks 0 ks+ks+ks O —ky
—kz 0 0 k7 0
—ke 0 —ky 0 Ky +ks+ke |
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(F,, =0
F,,=P
F,, =7
F,, =0
F,, =77

\ Fﬂf6 0 J

6

_ a

U2
uz =0
Uy
us =0
Ug

(14)

(15)

(17)



Substituting values all stiffness values we get,

0 ) 5 0
P 0 5
Qus o -1 0
0 -3 =2
Qa:s 0 _2
[ 0 ) | -1 -1

-1 -3
0 -2
1 0
0 6
0 0
0 -1

S N OO

-1 U1

—1 Ug
0 0

—1 Uy
0 0
31 \ue)

Stiffness Matrix: [K]

We Recall that the stiffness matrix for linear and conservative problems is symmetric and sin-

gular. Also, at any given point either prescribe displacement or load but not both.

The following displacements are prescribed: uz = 0, us = 0. Thus we can eliminate the rows

and columns associated with these displacements

0 5 0 -3 -1 Uy
P I 0 5 -2 -1 Us
of | -3 -2 6 —1]|)w
0 -1 -1 -1 3 Ug
S—— ~~ ~——
{Fy} (K] {ug}
The displacement are found as follows,
F, = Kgu, = ug = K;ng (18)
where the inverse of the reduced stiffness matrix is (see Mathematica file for details)
63 29 49 47
1 29 46 36 37
K,'=— 1
& 121k | 49 36 65 50 (19)
47 37 50 85
Thus
63 29 49 47 0
1 29 46 36 37 P
- 2
YT 121k [ 49 36 65 50 [ ] 0 (20
47 37 50 85 0
The nodal displacements are
29 P 46 P 36 P 37 P 0
U = —— Uy = —— Up = —— Ug = —— Ua = Ur =
Y121k 2T 121k YT 121k T 121k P
Ans.
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The axial forces are found using the element matrices. See Mathematica file for details.

Element 1

{iz}(l): {—Z _IZHZ?}:%{;Q} (22)

Axial forces for spring element 1 are

ay_ 29

! 121 2 121
Ans.
Element 2
(2) 29 P (2) 37 P
= — =Usg = ——— 23
“ Yot E " T T 0 (23)

Axial forces for spring element 2 are

ro__8p po_38p
@1 121 w2 T 191
Ans.
Element 3
29 P 36 P
(3) (3)
—uy = ——— g = 25
== o1, 2 T MT 1% (25)

Y [ 8k =3k fw) P [-21 )
F,, | -3k 3k | \wsf 121) 21

Axial forces for spring element 3 are

@ _ 21 @ _ 21

=——pPp F®=""p
o1 121 T2 9]
Ans.
Element 4

4 36 P 4 37 P
wlSw = gorp W ==y (21)
FEAY [ k =k]fuw) P [-1 8)
F,, =k k| lus) 121] 1
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Axial forces for spring element 4 are

1 1
FY=__—p F[FW=-__p
o 121 = 121
Element 5
O N I O ) B
T Ty 2 T

FE\Y [ 26 =2k ] fuw) P [-20
F,, o =2k 2k | lus ) 121 ] 20

Axial forces for spring element 5 are

O — _ 20 G — 20

P i P
a1 121 > 1921
Element 6
©) e e, 46D
1 ST 121 k 2 27121k

Axial forces for spring element 6 are

9 9
6 ___~" p e — _~ p
Fa 121 r2 121
Element 7
46 P
W' ==y W =u=0

FE" [ 2k =2k ] fuw) P [ 92
F,, o =2k 2k | \us ) 121 | —92

Axial forces for spring element 7 are

o _ 2 p pm_ 92

. 121 2 121
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Ans.

Ans.

(31)

(32)

Ans.

Ans.



