AOE 3024: Thin Walled Structures
Solution to Homework # 2

NAME PLEDGE

The state of stress at a point in a component is given as

40 40 0
40 50 —60 | MPa (1)
0 —60 40

a. Determine the normal and tangential components of the stress vector acting on the face ABC.
Note that OA = 20B = 20C = A meters (5 points).

y
B TABC
A2
O A
A2 A\>
C X

Fig. 1 The stress vector acting on the face ABC from homework # 1.

From homework # 1, the area of triangle ABC'is
— 1= — 2. A2 2.
CAxCBziBCxBA:?lJrwaLTk (2)

— ] — —
AABoiiABXAC: 1

The unit normal to face ABC' is

-
A 1, 2, 24«
fapo = =29 = i1+ 5+ k (3)

— =
IAape] 3 3 3
Stress vector and magnitude is
~ 20+ 40 ~
TABC = o] fiupe = 40i+ 30j—§0kMPa (4a)
MABC 20
|IT I = E\/ﬁﬂ MPa (4b)
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Fig. 2 Figure shows vector normal Tl and vector tangential T+ to surface ABC

Now the normal (or orthogonal) vector T is the projection of TABC onto the a line through the unit normal

fiapc. The magnitude of T is found using the inner (dot) product:

_
1T

MABC || (|5 .
|IT lfhapcl| cos®  where Gis) the angle between (5a)
vectors T+ and TAB¢

TABC . fi 45 (5b)

T;‘Bonm—l—T;‘Bcny—i—Tchnz (5¢)
1 20 2 40 2

40) | = — - - - | MP 5d

o (5)+(5)(5)+ (-5) (5) o)

80

5 MPa=8.88880 MPa (5¢)

N
The vector projection can be found by multiplying the magnitude of T+ with the unit normal in that direction (in

this case is iapc)

—

TJ‘ = ||TJ'||ﬁABC (6&)
80 (1, 2, 24

= —|(zi+=-j+=k) MP b

5 (31+3J+3 > a (6b)

80, 160, 160 -
— i+ —j+ —k MP
2714— o7 j+ o a (6¢)

= 2962961+ 5.92593] + 5.92593k MPa (6d)

N
The tangential (or parallel) vector T I'is orthogonal to unit normal vector fiagc. Now using the fact that

Tl + TL _ TABC (7)
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we get

TABC _ L

+ 20, 40« 80, 160, 160 ~

3 27

1000 20, 520 »

— i+ —=j— —k MPa

27 1T o7d T o7

= 37.0371+0.740741j — 19.2593k MPa

The magnitude of Tl is found taking the absolute value,

_
I

— =
Tl . Tl

= Yol +TiT) 17

1000\?  /20\? 5207
- ¢ (27) *(27) *(27) Mba

2
30\/353 MPa = 41.7518 MPa

We could have also calculated the magnitude of Tl using pythagoras,

Therefore,

IT2 4 T2 = | T459)2

-
I

VITABe|2 — T2

- ()

20
= 6\/ﬁ MPa = 41.7518 MPa
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b. Determine the three Principal stresses and corresponding Principal planes. (20 points)

For a principal plane, Cauchy’s equations can be written in matrix form as follows

Opg — A Try Trz Ny 0
Tyz Oyy — A Tyz Ny = 0 (12a)
Tog Tay Oy — A ] n, 0
40 — X 40 0 ] Ny 0
40 50—\ —60 Ny = 0 (12b)
0 =60 40—\ | n, 0

These equations have the trivial solution n, = n, = n, = 0, which is not allowed, since ng, n,, and n, are the
components of a unit vector, satisfying
ni—i—nz—i—ng:l (13)

Equations in (12) possess a nontrivial solution if the three equations are not independent of each other. In other
words, the determinant of the matrix of coefficients of n,, n,, and n, must vanish:

Opz — A Try Tez 40 — A\ 40 0
det Tyz Oyy — A Tyz = 40 50—-XA —60 |=0 (14)
sz sz Uzz - )\ 0 —60 40 - )\

The characteristic equation obtained by expanding the determinant can be expressed in terms of the stress invariants
as follows

N XN+ LA—13=0 (15)
where I;’s are the stress invariants. Obtained by directly expanding the characteristic equation
40 — A 40 0
40 50—-X —60 =0 (16)
0 —60 40— X
50—  —60 40 —60 40 50— A
(40=N1 " 40—/\‘_(40)‘ 0 40—)\‘+(0)’ o -6 | =Y

A% — 130 A% 4 400 \ + 128000 0 (17)

from which Iy, Is, and I3 can be obtained by comparing to Eq. (15). The three roots of the characteristic equation,
Eq. (15), are the principle stresses and can be obtained analytically: (note that to use the following equations we

must work in radians)
o1 = %Jr%\/fffiifg cos(
oy = %4—%\/112—3[2 cos(
o3 = %4—%\/]12—3[2 Cos (§+él?:r> (20)

213 — 9L I, + 2715

) (18)

w|e

w|

+ 23”) (19)

a = cos! (21)
2,/ (12 - 31,)°
o =cos ! {235] = 1.45105 rads (keep in radians) (22)
157157
o1 = 117.284 MPa o9 = —27.2842 MPa o3 = 40.00 MPa (23)
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Principal Plane: n

To find nY, the principle direction of o = 117.284 MPa, we substitute A = o7 into any two equations of Eq. (12)

(but not all three). This will give two of the three components of n*) (ng), n?(,l), and ngl)) and the last component

is obtained with

2 2 2 _
ny +ny+n; =1

Therefore,

—77.2842 40 0 ne 1 0
40 —67.2842 60 ny = {o (24a)
0 —60  —77.2842 | | n. 0
—77.2842n" 4 a0nf) + 0 =0
100+ —67.2842n" 4 —60nt) = 0 (24b)
0 + —60n) + —77.2842nY = 0

Using the first two equations (we could have used any two equations) and solving all variables in terms of ntM (we

could have solved in terms of any other component)

nD = —0.666667 n) ny) = —1.28807 nfV (25)

Now obtain n'" using Eq. (13)

ny+n,+nl = 1 (26a)
2 2 2
(—0.666667n§1)) + (—1.28807 ng”) + (ng”) - 1 (26b)
2
3.10357 (n9>) -1 (26¢)
Taking the positive sign (arbitrarily) of n,(zl):
n) = 0.567635 n{D = —0.378424 n(Y = —0.731154 (27)
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Principal Plane: n(?

To find n®, the principle direction of oo = —27.2842 MPa, we substitute A = oo into any two equations of
Eq. (12) (but not all three). This will give two of the three components of n(? (ng), ny(f), and n(ZQ)) and the last
component is obtained with

2 2 2 _
ny +ny+n;=1

Therefore,

67.2842 40 0 ng | % 0
40 772842 —60 ny = <o (28a)
0 —60  67.2842 n. 0
67.2842n2 + 00 + 0 = 0
400t + 7728420 + 600 = 0 (28b)
0 + —60n? + 67.28412n = 0

Using the first two equations (we could have used any two equations) and solving all variables in terms of nt? (we

could have solved in terms of any other component)

n{? = —0.666667 n'? n{? =1.1214n (29)
Now obtain n'” using Eq. (13)
ni+n,+n: = 1 (30a)
2 2 2
(—0.666667n§2>) + (1.1214ng2>) + (n@) =1 (30b)
2
2.70199 <n9>) =1 (30¢)

Taking the positive sign (arbitrarily) of nt:

n{? = 0.608357 n(? = —0.405571 n{?) =0.682213 (31)

6 OF 7

HOMEWORK # 2



Principal Plane: n(®)

To find n(®), the principle direction of o3 = 40.00 MPa, we substitute A\ = o3 into any two equations of Eq. (12)
(but not all three). This will give two of the three components of n(3) (ngf’), ng(,?’), and ng?’)) and the last component
is obtained with

2 2 2 _
ny +ny+n;=1

Therefore,
0 40 0 ng | ® 0
40 10 —60 ny =<0 (32a)
0 —60 0 n. 0
ont¥ + 400 + 0 =0
008 + 100 + —60n® = 0 (32b)
0 + —60nY + 0 = 0

Using the first two equations (we could have used any two equations) and solving all variables in terms of n{® (we

could have solved in terms of any other component)

n(® =150 n{® =onl® (33)
Now obtain nt” using Eq. (13)
ny+n.+n: = 1 (34a)
2 2 2
(1.5ng3>) + (0 ng3>) + (ng3>) -1 (34b)
2
3.25 (ng3>) =1 (34c)

Taking the positive sign (arbitrarily) of nf’):

n) = 0.5547 n{®) = 0.83205 ni =0 (35)
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